We address the problem of simultaneously drawing two planar graphs on an integer grid. In particular, given two planar graphs G1 and G2 with respectively n and m vertices, where n ≥ m, we find a straight-line planar embedding of G1 and G2 on an O(n 2 m 2 ) × O(n 2 m 2 ) integer grid so that if G1 is embedded on point set P1, and G2 is embedded on point set P2, then P2 ⊆ P1. Moreover the only possible crossings are between the edges of G1 and the edges of G2. Such a simultaneous embedding enhances the visual comparison of two graphs.
Introduction
In this paper we address the problem of simultaneously drawing two planar graphs on an integer grid. In particular, consider two planar graphs G 1 and G 2 with respectively n and m vertices, where n ≥ m. We would like to find a straight-line planar embedding of G 1 and G 2 on an integer grid so that if G 1 is embedded on point set P 1 , and G 2 is embedded on P 2 , then P 2 ⊆ P 1 . Such a simultaneous embedding would enhance the visual comparison of two graphs. Straight-line embedding a planar graph on the grid, i.e., mapping the vertices of the graph into a small integer grid such that each edge can be drawn as a straight-line segment and that no crossings between edges are created, is a well-studied graph drawing problem. The first solution to this problem was given by Fraysseix, Pach and Pollack [3] who provided an algorithm that embeds a planar graph on n vertices on the (2n − 4) × (n − 2) integer grid. Later, Schnyder [7] developed another method that reduces the grid size to (n − 2) × (n − 2). Since then there have been many studies regarding different restrictions of the problem. Harel and Sardas [4] provide an algorithm to embed a biconnected graph on a (2n − 4) × (n − 2) grid without triangulating the graph initially. The algorithm of Chrobak and Kant [2] embeds a 3-connected planar graph on a (n − 2) × (n − 2) grid so that each face is convex. Miura, Nakano, and Nishizeki [5] further restrict the graphs under consideration to be 4-connected and present an algorithm for straight-line embedding of such graphs on a (⌈n/2⌉ − 1) × (⌊n/2⌋) grid.
Another related problem is that of simultaneously embedding more than one planar graph. In this paper we propose a method that solves the problem when one of the graphs is restricted to outerplanar graphs. • P 2 ⊆ P 1 , where P 1 , P 2 respectively denote the point set G 1 and G 2 are embedded onto.
Area Requirements
• The only crossings created are the ones between the edges of G 1 and G 2 .
Embedding a Planar Graph with the G.P.R.
We first show how to find a straight-line embedding of a planar graph G on the grid with the general position requirement(g.p.r.), i.e., no three vertices of G lie on a line. We know that we can embed
Claim. One can embed n points in an integer grid of size O(n 2 )-by-O(n 2 ) in such a way that no 3 points are collinear.
Proof Sketch: This is fairly easy. Just note that any two points embedded in the grid define a line, which can pass through at most O(n 2 ) other grid points. Thus, one pair of points "kills" O(n 2 ) grid points. When we embed n points, we get n 2 pairs of points, "killing" a total of only O(n 4 ) grid points. The grid has enough grid points to survive. (One can give an explicit embedding method for the points; I am not sure what the simplest method is. Surely, this has been studied.) Now, we apply the idea behind the proof of the claim to solve the problem of interest.
Lemma 1 One can embed a planar graph on n vertices in an
grid so that no three vertices are collinear.
Proof Sketch: We embed the graph G in an O(n) × O(n) integer grid, I. It has potentially many collinearities among the vertices. Now, any vertex w that is not collinear with a line through vertices u and v must be at least distance 1/n √ 2 from the line uv. (This is easy; a proof is in my thesis.) We center an axis-aligned square, S(w), of side length 1/n √ 2 on each vertex w. By the property above, if vertices u, v, and w are not collinear in the embedding of G, then u ′ , v ′ , and w ′ are also not collinear, for any choice of u ′ ∈ S(u), v ′ ∈ S(v), and w ′ ∈ S(w). Now, we decompose each square S(w) into an O(n 2 ) × O(n 2 ) uniform grid, so each "pixel" in this grid has side length δ ≈ 1/n 3 . We can complete a refinement of I into pixels of this size, resulting in an overall grid of size O(n 4 ) × O(n 4 ). We take each vertex v i in I and displace it within the pixels of size δ grid within the small square S(v i ). There are O(n 2 ) possible pairs of vertices; each defines a line that may intersect some S(v i ). A line passing through S(v i ) can pass through only O(n 2 ) of the grid points within S(v i ). Thus, collectively the O(n 2 ) pairs can only "kill" O(n 4 ) grid points of the O(n 2 ) × O(n 2 ) grid within S(v i ), which leaves us always with an option to displace v i to a grid point that does not line up with two other displaced vertices. (Here we assume that the constants are chosen appropriately.) Thus, each v i can be displaced within the fine grid of the small neighborhood S(v i ), allowing us to "break" any existing collinearities. By our choice of the small neighborhoods, we know that we do not "create" any new collinearities among vertices in the embedding. Thus, an O(n 4 ) × O(n 4 ) grid is sufficient for a general position embedding of a planar graph on n vertices.
Embedding an Outerplanar Graph on a Point Set
Given a graph H = (V, E) with k vertices, and a point set P with k points on the plane, we say that H can be straight-line embedded onto P , if there exists a one-to-one mapping φ : V → P , from the vertices of H onto the points of P such that edges of H intersect only at vertices. The largest class of graphs known to admit such a straight-line embedding is the class of outerplanar graphs. Gritzmann et al [6] provides an embedding algorithm for such graphs that runs in O(k 2 ) time. Bose further reduces the running time to O(k lg 3 k) [1] .
Lemma 2 [1, 6] Given an arbitrary set P of k points in the plane, no three of which lie on a line, an outerplanar graph H with k vertices can be straight-line embedded on P .
The Main Algorithm
We now provide the main algorithm:
2 ) grid using Lemma 1. Note that in this case we decompose each square S(w) into an O(n 2 ) × O(n 2 ) uniform grid. Let the vertices of G 2 be embedded on P 2 . The resulting embedding obeys the general position requirement(g.p.r.), i.e., no three points of P 2 lie on a line. Now we need to add n − m points into the set P 2 , so that the resulting point set P 1 also obeys the g.p.r. Since each line introduced by the addition of a new point passes through O(n 2 m 2 ) grid points, the total number grid points killed by the insertion of O(n) points is O(n 4 m 2 ) which still leaves some grid points available. Once P 1 with n points with g.p.r. is found we can embed G 1 on P 1 using Lemma 2 above.
2 ) grid using Lemma 1. Note that in this case we decompose each square S(w) into an O(m 2 ) × O(m 2 ) uniform grid. Let the vertices of G 1 be embedded on P 1 . The resulting embedding obeys the g.p.r., i.e., no three points of P 1 lie on a line. Then we choose any P 2 ⊆ P 1 , with m elements, and embed G 2 on P 2 using Lemma 2 above.
Open Problems
The following extensions of this current work remains open:
• Is it possible to reduce the grid size using a similar approach with the same restriction that one of the graphs is outerplanar?
• The approach that yields the n 4 × n 4 area is incremental in nature -we find a position for each vertex, one at a time and never change it. Maybe relaxing this stronger requirement will lead to smaller area?
• Given two general planar graphs can we find an embedding simultaneously embed them on the grid, so that they share the same vertex locations? If this is hard, what would be a reasonable model for such simultaneous representations?
• Can we reduce the area requirements achieved in this paper if we allow bends for the edges? (Even if we reduce the area requirements to n 3 × n 3 in practice the area required will be huge for fairly small graphs. Maybe we can relax some of the conditions to get a more practical solution.)
• Can similar/better results be obtained for orthogonal drawings?
• What if one of the graphs must be drawn with straight-line segments and the other with bends (orthogonal or not)?
• What if we do not insist that both graphs share exactly the same points (i.e. the two graphs are drawn in two parallel planes (say, z = 0 and z = 1) so that the (x, y)-coordinates of corresponding points are "close"
